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‘The problem: sampling diffusion models

Diffusion models are becoming popular for a variety of scientific problems,

including generative modeling, sampling, tilting, and inverse problems.

However, sampling these models usually involves solving an ODE or SDE,

requiring many expensive score function evaluations for accurate results.
Can we design efficient solvers to reduce this computational burden?

Randomized midpoint method for sampling from diffusion models
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‘Setting the stage: a primer on diffusions

We turn data 7 into Gaussian noise y by an Ornstein—Uhlenbeck process

dX,” = - X;7dt +vV2dB;", X, ~m, (OU)

where B; is Brownian motion and let 7; == Law(X,”); limp_. 77 = 7.

The key insight of diffusions [1] is that this process admits a time-reversal

dX; = {+ X +2s7 (X))} dt + V2 dB; . (rev-OU)
where s; := V; is the score. In addition, there is a probability flow ODE
dX,” = {—Xﬁ — st(Xf)} dt, X, ~m, (PF-ODE)
dX; ™ ={+X," +sr(X, ) }dt, X ~mr. (rev-ODE)
Writing 's; .= s; — V logy for the relative score, these equations read
dX = {- X + 257 (X))} dt + V2 dBf (rev-OU)
dX,” = —sy(X,7)dt, X" ~m, (PF-ODE)
dX;” =+s( X7 )dt, X; ~7r. (rev-ODE)
The upshot is that we can sample by solving the semi-linear SDE
dX; = (At) Xy + fi( X)) dt + g(t) d By, (SDE)

which generalizes to generic forward processes [2] and subsumes the ODE
with g(t) = 0. For the ODE we recommend choosing A(%) to integrate

the score and for the SDE we recommend integrating the relative score.

Algorithm 1: Generalized randomized midpoint kernel on |t, ¢1].

Input: current state X; € RY step h =1 — to drift ft( ); noise term g(-).
Input: scaling factor A(t); integrating factor w(t) = exp(— fto - normalizing

factor €)(t) = ft?;w; inverse 2 1(-); noise factor§ ft wg)?
1. Draw the randomized midpoint. Sample U ~ Unlf(O 1) and set
T=Q"N(1=0U)Q%) +UQ(t)) ie., with density p(7) o< Ly,4,1(¢) w(?).
2. Midpoint prediction for X" . Draw Z; ~ N(0, ;) and set the OU noise
&= [VIE(to + 7)]/w(to + 7)) Z1. Then
0 i et R
3. Full-step update for X; . Draw Z, ~ N (0, I;) independent of Z; and set

g tQ—I—T \/‘ftl to—l-T)‘
- w(ty w(t)

Compute the score at the randomized time and update

~ w(to) Q(t)
X = ity Xt oy T Kar) €.
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‘Sampling with the OU process
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Figure: Sampling with the SDE on the OU process (rev—OU).

:Samplmg with the probability flow ODE

'Quick notes on the theory

Assumptions standard in the literature: data has finite second moment,

£ accurate score, estimated score has (time-varying) Lipschitz constant.

Result: O(v/d/e) steps in Wy + KL (not early stopping). Difficulties:
e Anticipating: midpoint “sees into the future”, precluding Girsanov.
o Distinguish weak error (“bias") vs strong error (“variance”).

o Typical Wasserstein analyses (Gronwall) blow up exponentially.

We use the framework of . shifted composition ~ to address these issues!

VE EDM solver
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Figure: Sampling over a range of processes (EDM) with the ODE (g(t) = 0).

:Samplmg with the SDE and tuned noise

A panacea from theory
Shen and Lee (2019) originally proposed the randomized midpoint method
for log-concave sampling. We port their algorithm to diffusion models and
give a sharp analysis without the algorithmic tweaks of previous works.

The crux of the method
In integral form, the ODE dX; = f;(X;) has solution on time |0, h]

X = X()—I—/ ft<ZL‘t) dt
0

Monte Carlo quadrature gives an unbiased estimator: 7 ~ Unif|0, A|,
Xh:XO+th( ( X5).

But we don't know X! Bootstrap by approximating with (left) Euler,
X = Xo+7fo(Xo).
Xp = Xo+ hf(X7).

For the general algorithm, see Algorithm 1. SDEs are defined as stochastic

integrals and we use integrating factor (with 1td's rule) for the linear term.
The noise is simple since the coefficient does not depend on space Xj;.

property and recovers the DDPM ancestral sampler E|[I;,,|]; = X{] [6]

'Denoisers, DDPMs, and linear interpolants

EDM [2] specialize (SDE) to the following parametrization in (c, o, 8),
dX, = '%Xt—(c(t)%(t)a(t): B(t)a(t)Qc(t)Q)st(Xt)} dt
+v/28(t)o(t)c(t) B,

The score admits an intuitive denOIser representation by Tweedie's formula
D(z/c(t);o(t)) — x/c(t)

c(t) o (t)? |
where D(-; o) predicts the data x given a noisy observation z+0z, 2z ~ 7.
Under the DDIM choice [4] of o(t) = ¢, c(t) = 1, [2] observe a single step
of Euler to ¢ = 0 has the appealing property of returning the denoiser.
In interpolants [5], the linear choice I; = (1 — t)xy + tz, also has this

(EDM)

si(x) =

'Choosing the noise coefficient

By a standard calculation with Girsanov's theorem to minimize path KL,

B(t)=0o(t)/o(t), (Girsanov-(3)
recovering the choice of [4] where the forward process of (EDM) does
not contain the score. We also reverse engineer the sampler of [2] for
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Figure: Sampling with the SDE and Girsanov-tuned noise coefficient (Girsanov—ﬁ).

'Paper and code
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