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Generative modeling by measure transport Moments Sampling by truncated polynomial inversion
Data X (known only from samples) has density fx, reference distribution The i-th moment captures interactions (product) of ¢ variables Cornish-Fisher transports Gaussian to data. What about sampling?
7 with chosen density f (e.g. N(0,1dy)); Z easy to sample. k= E[X], k7 = E[X'X7], k7" = E[X X7 X", .. g(7) = qlz+ (z — 2)) = q(z + q(z)); 7 =2+ q(x)
Infinitely many transport maps T' pushing z ~ Z to T'(z) ~ X. Can be estimated directlv f os with | tation. M / L, > Loy 3
(VAEs, GANSs, normalizing flows, score-based /diffusion models.) an be estimated directly from samples with empirica e_XpeC ation. o” 1(x) = q(2) + ¢ (2)q(2) + 54" (2)a(2)” + ¢ (2)q(@)" + - -
| : ment generating function collects moments into multivariate Taylor series | o | | |
Knothe-Rosenblatt transport M (€) = Elexp(6,X7)] = 1+ &' + GE57 /2] + 6,60k 31+ Recursively substituting () into the Taylor expansion and truncating
Restrict to triangular maps in the sense that | : based on cumulant order gives an “inverse” polynomial (not formal). |
Ti(x1) ' glun/nulants_ T Generalization to multivariate distributions
T(x) = | umulant generating runction 'mp crtly de Nes cumulaljtskby Multivariate Cornish-Fisher by Knothe-Rosenblatt. Forzin 1,... d
Ty, .. 1) Kx(§) =log Mx(§) = §ix' + §&k" /2! + & k" /3' T 1. Partition into first ¢ — 1 variables and -th variable
and control the sign of the diagonal by enforcmg V1 > 0. Match Mx (&) = exp(Kx(£)) =1+ Kx (&) + Kx(£)*/2! + 2. i-th output of transport: conditional distribution
Resulting unique transport called the Knothe-Rosenblatt rearrangement. | i /{i, RN N /{iﬁj 3 Reduce to 1-d Cornish-Fisher
Computational benefits | IR = ik eiedk el ik ki g opieiick Conditioning by implicit knowledge of joint distribution from cumulants.
Imme-diate sampler z ~ N (0,1d), T'(z) ~ X. Cumulant of sum of independent variables sum of cumulants. Normalizing map from data to Gaussian
Density through change-of-variables formula Independent random variables have zero joint cumulants. . — Goussan p - — Goussan
fx=Tifz =(fz0 T H|det VT, | Edgeworth series 035 — puorward gt} - pustforuard
Compute 7"~ by recursive substitution and 1-d root finding. Eigenvalues Derivation follows [5]. Let X have cumulants x and Z have cumulants :3: :O
| of VI' and det VT easily accessible from diag(VT). | A. Ansatz X = Z + Y with pseudo-variable Y independent of ~Z. . .
' - , 0 ” 7 27] . ‘ " 7 Z]
Example: Gaussian transport by Cholesky ¥ has Cfm”'ai”ts W with ',“O'T‘,e;‘ts S
Specialize to x ~ N (u, ©). Cumulant generating function is =R AL = R = A = R = A O'm: 0'10:
] Z- -1 ny By term-by-term inversion of MGF, density approximation ) )
KX(S) = 1Og 4”[6Xp(€ix )] — gz,u - 5525]@ /., 1" o 0'00 - -2 0 : . O'OO -4 -2 : : 4
| | _ B . (x) — (_ ) fZ(x) Figure: Cornish-Fisher series applied to a Gumbel distribution with @ = 10, 5 = 0.5.
Suffices to match mean and covariance, affine ansatz T(Z) = Lz + p, R fg(x) oxh - - Qxin’ Left panel shows the computed expansion with 4 moments and right with 6 moments.
S[T(2) = i, Cov[T(2)] = LL" Fx(@) = fala)(L+ nihi(x) + 1k (2)/2+ 0 hyge() 31+ ). Sarioli e o
Pick L such that © = LL" (e.g. Cholesky factor). Jacobian of T'is L, For Z ~ N(0,1), h's are the Hermite polynomials. "~ Piing P 0.8-u 1a O data
by construction lower triangular with positive diagonal (VT > 0). Integrate term-by-term to get approximation of (1-d) CDF . :E%f;“;;!'gﬁardpdf - :g%f;‘:;!?&ampdf
? . 1 _ i 0 | ik ..
How to estimate the map from samples? - Ixle) = Falo) + f2(@)(n T hil@) 20+ n Ry ()3 ). . iy
Previous work [1]-[3]: minimize empirical KL over parametric family. Warmup: quant"e matching '5_ 5
This work: use cumulants. Motivations: If X is 1-d, F'y'' transports Unif(0,1) to X. Thus z = [F,' o Fi|(z) or 05 .
® Analogy to multivariate Gaussians (mean, covariance). Fy(z) = Fx(x) is a transport from z ~ X to z ~ Z. . -
e Central limit theorem, decay of higher order cumulants. i - - 1 1] / 01
o Interpretability and material science (2nd order interactions). Cormsh-Flshe_r | ol e T e —
| Material microstructure j [6] equates Taylor series of standard Gaussian CDF to Edgeworth CDF Figure: Inverse Cornish-Fisher used for sampling the same distribution.
1 |
ko ,
2-point statistics insufficient to capture microstructure (e.g. edges). (@ —2)+- -+ k|h’f @) (@ —2)" =m A+t anhk—l(az)' References
2 o ; _ Let y = x — 2, treat f(y) =y +---+ hy_1(2)y"/k! as a polynomial in I k 3 Mllhoy 1007/678 5-516- f‘f?étgng o l”'tmd“_d'fgoéo§§§nzp3""§navfhmesa§§f] ranseert
0.4 . loa y and deflne p(g’;) - 771 _|_ o —I—’r}khk_l(l‘)/k' 15 3 po|ynom|a| in T App|y 2] Ql;xSip;:n’lc;](;,Bl.D%IBlE(l)nu and Y. Marzouk, Inference via low-dimensional couplings, 10.48550/arXiv.1703.06131
- formal InverS|On every pOlynomIaI Of the form f(x) _ alx _I_ o _|_ akxk 3] I\[/Is.tiit]zfuss and F. Schafer, Scalable Bayesian transport maps for high-dimensional non-Gaussian spatial fields, 2108.04211
0 W|th CL1 # O has Inverse p0|yn0m|a| g(aj) _ bo _I_ o _I_ bkxk W|th [4] D. T. Fullwood, S. R. Niezgoda, and S. R. Kalidindi, “Microstructure reconstruc’;igr.ml(1)‘r106n}j2.-zzi£1;;it.i52t(i)c5;sligg.gél;zse—recovery algorithms,”

k-1 [5] P. McCullagh, Tensor Methods in Statistics: Monographs on Statistics and Applied Probability. Boca Raton, FL: CRC Press, 2018, 1SBN:
f 0g=go f — r 1 (’)(Qj ) 978-1-351-08556-4 978-1-351-07711-8 978-1-351-09401-6 978-1-315-89801-8,

6] E. A. Cornish and R. A. Fisher, “Moments and Cumulants in the Specification of Distributions,”

-20
1 40

i 10.2307/1400905 1400905
20 40 60 80 100 120 -20 0 20 =50 0 20

Figure: Fig. 1. of [4]. (a): material microstructure, (b-c): cross-correlations f(x — z) = p(x) z=1x— q(z) g = gonp.

Applying g to the Edgeworth CDF completes the procedure,
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