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A motivating question

How to sample from a multivariate Gaussian?



Multivariate Gaussian example

Find transport map pushing z ~ N(0,1d) to  ~ N'(u, ©)



Multivariate Gaussian example

Find transport map pushing z ~ N(0,1d) to  ~ N'(u, ©)

Match mean and covariance, consider ansatz 7(z) = Lz+ p

B[T(2)] =
Cov[T(2)] = LL"



Multivariate Gaussian example

Find transport map pushing z ~ N(0,1d) to  ~ N'(u, ©)

Match mean and covariance, consider ansatz 7(z) = Lz+ p

B[T(2)] =
Cov[T(2)] = LL"

Pick L such that © = LLT (e.g. Cholesky factor)



This talk

How to sample from a general distribution?
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Throughout: data X has density fx (only through samples)
reference distribution Z has density f7 (e.g. N'(0,1dy))



Problem setup

Throughout: data X has density fx (only through samples)
reference distribution Z has density f7 (e.g. N'(0,1dy))

Assuming f7 and fx smooth, infinitely many valid T

(VAE, GAN, normalizing flow, score-based/diffusion models)



Knothe-Rosenblatt transport

Restrict to triangular maps in the sense that
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T() = To(my, 22)
Td(ml, e ,.’L’d)

and control the sign of the diagonal by enforcing VT > 0
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Restrict to triangular maps in the sense that
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Unique transport called the Knothe-Rosenblatt rearrangement



Knothe-Rosenblatt transport

Restrict to triangular maps in the sense that

Ti(z1)

T() = To(21, 22)

Ty, ..., 2q)

and control the sign of the diagonal by enforcing VT > 0
Unique transport called the Knothe-Rosenblatt rearrangement

Nonlinear generalization of the Cholesky factor
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Computational benefits

Immediately gives an efficient sampler z ~ N (0,1d), T(z) ~ X

Density evaluation through the pushforward
fx = Tyfz = (fzo T"H)|det VI |
with efficient access to 7! and det VT

Compute T~! by recursive substitution
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Marzouk 2018; Katzfuss and Schafer 2022]:
minimize empirical KL over parametric family
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Transport from samples

Previous work [Marzouk et al. 2016; Spantini, Bigoni, and
Marzouk 2018; Katzfuss and Schafer 2022]:
minimize empirical KL over parametric family

This talk: use cumulants

Motivations:
® Analogy to multivariate Gaussians (mean, covariance)
® Central limit theorem, decay of higher order cumulants
® Interpretability and material science (2nd order interactions)



Material microstructure

2-point statistics insufficient to capture structure (e.g. edges)
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Figure: Fig. 1. of [Fullwood, Niezgoda, and Kalidindi 2008]
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This talk

Framework of [Cornish and Fisher 1938; McCullagh 2018]

Computational implementation of statistical formulas and
“mathematical archaeology” of ancient methods
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This talk

Framework of [Cornish and Fisher 1938; McCullagh 2018]

Computational implementation of statistical formulas and
“mathematical archaeology” of ancient methods
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Very much work in progress!
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#th moment captures product of ¢ variables
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Moments

#th moment captures product of ¢ variables
ki = E[X, kY = B[X'X], s = B[ XX/ X", ...
Estimated from samples with empirical expectation

Moment generating function multivariate Taylor series

£k n i i&pr "
2! 3!

Mx(€) = Elexp(&X)] = 1+ &' +



Cumulants

Cumulant generating function

e §igjr™ n Ei i

Kx(&) =1log Mx(§) =& 91 3!




Cumulants

Cumulant generating function

§z§g + £ jExrIE

Kx(§) =log Mx(¢) = &k o1 3l

Match Mx(€) = exp(Kx(€)) = 1+ Kx(€) + Kx(£)2/2! + -

i i
K'= K,
kY = kY — k'R,

K;Z,],k‘ — Hzgk _ /’izlﬁjk _ K:j/ilk‘ k: Zj + 2k H]
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Properties of cumulants

Cumulant of sum of independent variables sum of cumulants

Gaussian only distribution with all £ > 2 cumulants zero
Higher-order cumulants close to zero measure of Gaussianity?

Independent random variables have zero joint cumulants
Approximate sparsity ~ conditional independence

Central limit theorem implies higher-order cumulants decay
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Algorithmic recipe

Recipe for transport in 1-d with cumulants

1. Representing densities (Edgeworth series)



Algorithmic recipe

Recipe for transport in 1-d with cumulants
1. Representing densities (Edgeworth series)
2. Transport (Cornish-Fisher)
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Let X have cumulants x and Z have cumulants A
Ansatz X = Z+ Y with pseudo-variable Y independent of Z
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Pseudo-variable [representation]

Let X have cumulants k¥ and Z have cumulants A
Ansatz X = Z+ Y with pseudo-variable Y independent of Z
Y has “cumulants” 7%, 7% ... with “moments” 7%, 7%, ...

nt = Kt N i = BT\ ik — ik \bik
Density of X is

fx(2) = fz fy = / fAz— ) fr(y) dy = Exlfsz— V)



Edgeworth series [representation]

Taking a Taylor expansion at Y = 0 and averaging (or using
term-by-term inversion of the moment generating function),
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For Z~ N(0,1), h's are the Hermite polynomials



Edgeworth series [representation]

Taking a Taylor expansion at Y = 0 and averaging (or using
term-by-term inversion of the moment generating function),

R GO i 7€)
hiy i, (2) = fz(x) Ozt - dxin
Fx(@) = f2(2) (1 + n'hi(z) + nhy(z) /20 + 0 hyp(z) /30 + - - -)

For Z~ N(0,1), h's are the Hermite polynomials

Integrate term-by-term to get approximation of (1-d) CDF

Fx(z) = Fz(2) + f2(2) (0" 4+ n9hi() /2! + 7 hyj(2) /30 4 - - -)
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If Xis 1-d, F'y' is a transport from U ~ Unif(0,1) to X



Quantile matching [transport]

If Xis 1-d, F'y' is a transport from U ~ Unif(0,1) to X

Thus 2= [F,' o Fx|(x) or Fz(2) = Fx(x)
is a transport from x ~ X to 2~ Z



An algorithm [transport]

Take Taylor series expansion of ®

O(2) = 0(2) + ' (2)(z—2) + - + %@Uc)(x)(z— )"
1

il @z =2

=®(2) — p(r)[(x—2)+ -+



An algorithm [transport]

Take Taylor series expansion of ®
/ L - k
(I)(z):<I>(x)+®(x)(z—x)+-'~+ﬁ<1> (2)(z — )

=0(z) — Pp(D)(z— 2+ + %hk_l(a:)(x— )"

and set equal to Edgeworth series for quantile matching

Fx(a) = @(2) = 6@l + i (@) + -+ 2eihi1(2)
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Formal inversion [transport]
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Let y := z — 2z matching procedure ¥ = n;
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Define p(z) :=m + - - - + nxhi—1(x)/k! as polynomial in z



Formal inversion [transport]
Fz(2) = Fx(x) implies

1 1
(z—2)+--+ Ehk—l(x)(w_ P=m+- EnkhkA(x)

Let y := z — 2z matching procedure ¥ = n;
Treat f(y) == y+ --- + hp_1(2)y*/k! as polynomial in y
Define p(z) :=m + - - - + nxhi—1(x)/k! as polynomial in z

Every polynomial of the form f(z) = ajz+ - - - + aza® with
a1 # 0 has inverse polynomial g(z) = by + - - - + bya® with

fog=gof=az+ 0O
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Cornish-Fisher [transport]

From Mobius inversion/moment to cumulant procedure,

(gofm = Z g#aHf#b

ogeY, beo

Linear in g, back-substitute for coefficients of g

Applying ¢ to the Edgeworth CDF completes the procedure

fle—2) = p(a)
2= 12— g(p(2))

This is known as Cornish-Fisher [Cornish and Fisher 1938]



Generalizing Cornish-Fisher

How to generalize Cornish-Fisher to multivariate distributions?



Conditional properties

Recall: Knothe-Rosenblatt triangular map

Ty (1)

T(a) - TQ(I-l, )

T4(x1, ..., 7q)



Conditional properties

Recall: Knothe-Rosenblatt triangular map

Ty (1)

To(z1, x
oy = |

T4(x1, ..., 7q)

i-th row encodes conditional distribution of #th variable



Triangular transport

Foriinl,...,d
1. Partition into first ¢ — 1 entries and #th entry



Triangular transport

Foriinl,...,d
1. Partition into first ¢ — 1 entries and #th entry

2. #th entry of transport: conditional distribution
(how to condition: variety of strategies) [representation]



Triangular transport

Foriinl,...,d
1. Partition into first ¢ — 1 entries and #th entry

2. #th entry of transport: conditional distribution
(how to condition: variety of strategies) [representation]

3. Reduce to 1-d Cornish-Fisher [transport]
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Conditioning

cdf (cf. sampling from copula)

icdf(ar:l, x) = cdf(x | @) pdf ()
8:1,'1

logpdf and subtraction

log pdf (@1, @) — log pdf (1) = log pdf(a | 1)

conditional cumulants
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jax [Bradbury et al. 2018] and sympy [Meurer et al. 2017]

numerical computation <= symbolic computation



Implementation details

jax [Bradbury et al. 2018] and sympy [Meurer et al. 2017]
numerical computation <= symbolic computation
implicit throughout: truncation based on cumulant order from

averaging in central limit theorem rather than term order
(the i-th cumulant has order max(i— 2,0)/2)



1-d result
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cdf

Edgeworth pdf
Edgeworth logpdf
Edgeworth cdf
density

10

12

14

16 18

29 /45



1-d result

1.0

0.8
pdf

0.6 1 cdf
Edgeworth pdf
Edgeworth logpdf

0.4 Edgeworth cdf
density
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1-d result

—— Gaussian pdf

0.40 .
normalizing flow
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1-d result

0.40- —— Gaussian pdf
normalizing flow

0.35 1
0.30
0.254
0.201
0.154
0.104

0.051




2.5

0.0
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Multivariate result
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row =0 col =0

Multivariate result

row=0|col =1

row =0 col = 2

-1
-2
-3
-2 [ 2 -2 0 2 4 -2 0 2 4
row=1]col =

-2

-4 -2 0 2 -2 0

row=2|col =1

2 4

row =2 col =2
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Multivariate result
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Multivariate result

row =0 col = 0 row =0 col = row =0 col = 2
4 4
N 4
3
3
2
2
1
-
3
-1
-2
-3
-4 -2 0 2 4 -4 -2 o 2 -4 -2 o 2
row =1 col =

-2

-4

row =2 | col =2
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Conclusion

Generative modeling through transport
Canonical Knothe-Rosenblatt map
Map estimated from samples through cumulants

Interpretable: polynomial and symbolic expressions
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Mobius inversion

Partition lattice on indices (subset)

Let T, := all partitions of n indices,

mom([n]) = > ] cum(b)

oc€eY ), bEo
cum(()) = 3= (=) (Jo] 1)t T] mom(»)
oceY, beo

Special case of composition of polynomials f, ¢

(fo 9w = Z fto H G

ceTy, beo



Edgeworth series

Let X have cumulants k¥ and Z have cumulants A
Define the pseudo-cumulants
gl = K= N i = g\ ik ik bk

as well as the resulting pseudo-moments n?, n¥, no*



Edgeworth series

X and Z have cumulant generating functions

Kx(€) = &' + &€ /2! + &€ P /3 4 - -
K7(€) = &X' + EEAY /21 4 EEENFF /31 + -
Subtracting gives

Kx(§) = Kz(€) + &m' + &&m™ /2! + &€;&m ™ /31 + -
and exponentiation gives
Mx(€) = Mz(&)(1 + &m' + E&m /2 + &€ ™ /31 + - --

Invert Mx(€) := E[exp(&;2°)] term-by-term to recover fx



Edgeworth series

Taking a Taylor expansion at Y = 0 and averaging,

Az iy fz vy fz

E B / 1z =
v | f2(2) Y5y BT 0y'oy 3! 8y131f73yk+

Letting f;,...s, () = (—1)"0"f(z)/0a" - - - D,

Fx(2) = fa(@) + n'fi(x) + n7f(2) /2 4+ 0P fyg() /3! + - -
Letting hi,..., (2) = i, (2)/f2(),
Fx(@) = f2(2) (1 + i) + 07h(2) /2! + 0P hyg(2) /30 + )

For Z ~ N(0,1), h's are the Hermite polynomials



Cholesky factor

Consider multivariate Gaussian with covariance matrix
(91,1 O1,2 Ly 0

and Cholesky factor
O21 O22 y Loy Lo

We have for z = Ll_&:zl,

Lojz1 + Logzy ~ N (La 21, L2,2L2T,2)

Ly1z1 + Looz ~ N(@2,191_&9€1, O22 — 92,1@1_&91,2)
Loy =O1L7,
Ly = chol(©22 — Ly1 L3 )

Allowing for iterative computation of L



	Introduction
	Knothe-Rosenblatt transport
	Cumulants

	Edgeworth series
	Cornish-Fisher
	Warmup: quantile matching

	Multivariate procedure
	Experimental results
	Conclusion
	References

