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A motivating question

How to sample from a multivariate Gaussian?
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Multivariate Gaussian example

Find transport map pushing z ∼ N (0, Id) to x ∼ N (µ,Θ)

Match mean and covariance, consider ansatz T(z) = Lz + µ

E[T(z)] = µ

Cov[T(z)] = LL⊤

Pick L such that Θ = LL⊤ (e.g. Cholesky factor)
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This talk

How to sample from a general distribution?
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Problem setup

Throughout: data X has density fX (only through samples)
reference distribution Z has density fZ (e.g. N (0, Idd))

Assuming fZ and fX smooth, infinitely many valid T

(VAE, GAN, normalizing flow, score-based/diffusion models)
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Knothe-Rosenblatt transport

Restrict to triangular maps in the sense that

T(x) =


T1(x1)
T2(x1, x2)

...
Td(x1, . . . , xd)


and control the sign of the diagonal by enforcing ∇T ≻ 0

Unique transport called the Knothe-Rosenblatt rearrangement

Nonlinear generalization of the Cholesky factor
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Computational benefits

Immediately gives an efficient sampler z ∼ N (0, Id), T(z) ∼ X

Density evaluation through the pushforward

fX = T♯fZ := (fZ ◦ T−1)|det∇T−1|

with efficient access to T−1 and det∇T

Compute T−1 by recursive substitution
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Transport from samples

Previous work [Marzouk et al. 2016; Spantini, Bigoni, and
Marzouk 2018; Katzfuss and Schäfer 2022]:
minimize empirical KL over parametric family

This talk: use cumulants

Motivations:
• Analogy to multivariate Gaussians (mean, covariance)
• Central limit theorem, decay of higher order cumulants
• Interpretability and material science (2nd order interactions)
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Material microstructure

2-point statistics insufficient to capture structure (e.g. edges)

Figure: Fig. 1. of [Fullwood, Niezgoda, and Kalidindi 2008]
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This talk

Framework of [Cornish and Fisher 1938; McCullagh 2018]

Computational implementation of statistical formulas and
“mathematical archaeology” of ancient methods

Very much work in progress!
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Moments

i-th moment captures product of i variables

κi := E[Xi], κij := E[XiXj], κijk := E[XiXjXk], . . .

Estimated from samples with empirical expectation

Moment generating function multivariate Taylor series

MX(ξ) := E[exp(ξiXi)] = 1 + ξiκ
i +

ξiξjκij

2! +
ξiξjξkκ

ijk

3! + · · ·
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Cumulants

Cumulant generating function

KX(ξ) := logMX(ξ) = ξiκ
i +

ξiξjκi,j

2! +
ξiξjξkκ

i,j,k

3! + · · ·

Match MX(ξ) = exp(KX(ξ)) = 1 + KX(ξ) + KX(ξ)
2/2! + · · ·

κi = κi,

κi,j = κij − κiκj,

κi,j,k = κijk − κiκjk − κjκik − κkκij + 2κiκjκk

...
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Properties of cumulants

Cumulant of sum of independent variables sum of cumulants

Gaussian only distribution with all k > 2 cumulants zero
Higher-order cumulants close to zero measure of Gaussianity?

Independent random variables have zero joint cumulants
Approximate sparsity ∼ conditional independence

Central limit theorem implies higher-order cumulants decay
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Algorithmic recipe

Recipe for transport in 1-d with cumulants
1. Representing densities (Edgeworth series)

2. Transport (Cornish-Fisher)
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Pseudo-variable [representation]

Let X have cumulants κ and Z have cumulants λ

Ansatz X = Z + Y with pseudo-variable Y independent of Z

Y has “cumulants” ηi, ηi,j, . . . with “moments” ηi, ηij, . . .

ηi = κi − λi, ηi,j = κi,j − λi,j, ηi,j,k = κi,j,k − λi,j,k, . . .

Density of X is

fX(x) = fZ ∗ fY =

∫
fZ(x − y) fY(y) dy = EY[fZ(x − Y)]
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Edgeworth series [representation]

Taking a Taylor expansion at Y = 0 and averaging (or using
term-by-term inversion of the moment generating function),

hi1···in(x) :=
(−1)n

fZ(x)
∂nfZ(x)

∂xi1 · · · ∂xin

fX(x) = fZ(x)(1 + ηihi(x) + ηijhij(x)/2! + ηijkhijk(x)/3! + · · · )

For Z ∼ N (0, 1), h’s are the Hermite polynomials

Integrate term-by-term to get approximation of (1-d) CDF

FX(x) = FZ(x) + fZ(x)(ηi + ηijhi(x)/2! + ηijkhij(x)/3! + · · · )
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Quantile matching [transport]

If X is 1-d, F−1
X is a transport from U ∼ Unif(0, 1) to X

Thus z = [F−1
Z ◦ FX](x) or FZ(z) = FX(x)

is a transport from x ∼ X to z ∼ Z
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An algorithm [transport]

Take Taylor series expansion of Φ

Φ(z) = Φ(x) + Φ′(x)(z − x) + · · ·+ 1
k!Φ

(k)(x)(z − x)k

= Φ(x)− ϕ(x)[(x − z) + · · ·+ 1
k!hk−1(x)(x − z)k]

and set equal to Edgeworth series for quantile matching

FX(x) = Φ(x)− ϕ(x)[η1 +
1
2!η2h1(x) + · · ·+ 1

k!ηkhk−1(x)]

21 / 45



An algorithm [transport]

Take Taylor series expansion of Φ

Φ(z) = Φ(x) + Φ′(x)(z − x) + · · ·+ 1
k!Φ

(k)(x)(z − x)k

= Φ(x)− ϕ(x)[(x − z) + · · ·+ 1
k!hk−1(x)(x − z)k]

and set equal to Edgeworth series for quantile matching

FX(x) = Φ(x)− ϕ(x)[η1 +
1
2!η2h1(x) + · · ·+ 1

k!ηkhk−1(x)]

21 / 45



Formal inversion [transport]
FZ(z) = FX(x) implies

(x − z) + · · ·+ 1
k!hk−1(x)(x − z)k = η1 + · · ·+ 1

k!ηkhk−1(x)

Let y := x − z, matching procedure yk = ηk

Treat f(y) := y + · · ·+ hk−1(x)yk/k! as polynomial in y

Define p(x) := η1 + · · ·+ ηkhk−1(x)/k! as polynomial in x

Every polynomial of the form f(x) = a1x + · · ·+ akxk with
a1 ̸= 0 has inverse polynomial g(x) = b0 + · · ·+ bkxk with

f ◦ g = g ◦ f = x +O(xk+1)
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Cornish-Fisher [transport]

From Möbius inversion/moment to cumulant procedure,

(g ◦ f)[n] =
∑
σ∈Υn

g#σ

∏
b∈σ

f#b

Linear in g, back-substitute for coefficients of g

Applying g to the Edgeworth CDF completes the procedure

f(x − z) = p(x)
z = x − g(p(x))

This is known as Cornish-Fisher [Cornish and Fisher 1938]
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Generalizing Cornish-Fisher

How to generalize Cornish-Fisher to multivariate distributions?

24 / 45



Conditional properties

Recall: Knothe-Rosenblatt triangular map

T(x) =


T1(x1)
T2(x1, x2)

...
Td(x1, . . . , xd)



i-th row encodes conditional distribution of i-th variable
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Triangular transport

For i in 1, . . . , d
1. Partition into first i − 1 entries and i-th entry

2. i-th entry of transport: conditional distribution
(how to condition: variety of strategies) [representation]

3. Reduce to 1-d Cornish-Fisher [transport]

26 / 45



Triangular transport

For i in 1, . . . , d
1. Partition into first i − 1 entries and i-th entry
2. i-th entry of transport: conditional distribution

(how to condition: variety of strategies) [representation]

3. Reduce to 1-d Cornish-Fisher [transport]

26 / 45



Triangular transport

For i in 1, . . . , d
1. Partition into first i − 1 entries and i-th entry
2. i-th entry of transport: conditional distribution

(how to condition: variety of strategies) [representation]
3. Reduce to 1-d Cornish-Fisher [transport]

26 / 45



Conditioning

cdf (cf. sampling from copula)

∂

∂x1
cdf(x1,x2) = cdf(x2 | x1) pdf(x1)

logpdf and subtraction

log pdf(x1,x2)− log pdf(x1) = log pdf(x2 | x1)

conditional cumulants
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Implementation details

jax [Bradbury et al. 2018] and sympy [Meurer et al. 2017]

numerical computation ⇐⇒ symbolic computation

implicit throughout: truncation based on cumulant order from
averaging in central limit theorem rather than term order
(the i-th cumulant has order max(i − 2, 0)/2)
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1-d result

10 12 14 16 18
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1-d result
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Multivariate result
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Multivariate result
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Multivariate result
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Conclusion

Generative modeling through transport

Canonical Knothe-Rosenblatt map

Map estimated from samples through cumulants

Interpretable: polynomial and symbolic expressions
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Möbius inversion

Partition lattice on indices (subset)

Let Υn := all partitions of n indices,

mom([n]) =
∑
σ∈Υn

∏
b∈σ

cum(b)

cum([n]) =
∑
σ∈Υn

(−1)|σ|−1(|σ| − 1)!
∏
b∈σ

mom(b)

Special case of composition of polynomials f, g

(f ◦ g)[n] =
∑
σ∈Υn

f#σ

∏
b∈σ

g#b

41 / 45



Edgeworth series

Let X have cumulants κ and Z have cumulants λ

Define the pseudo-cumulants

ηi = κi − λi ηi,j = κi,j − λi,j ηi,j,k = κi,j,k − λi,j,k · · ·

as well as the resulting pseudo-moments ηi, ηij, ηijk, . . . ,
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Edgeworth series

X and Z have cumulant generating functions

KX(ξ) = ξiκ
i + ξiξjκ

i,j/2! + ξiξjξkκ
i,j,k/3! + · · ·

KZ(ξ) = ξiλ
i + ξiξjλ

i,j/2! + ξiξjξkλ
i,j,k/3! + · · ·

Subtracting gives
KX(ξ) = KZ(ξ) + ξiη

i + ξiξjη
i,j/2! + ξiξjξkη

i,j,k/3! + · · ·
and exponentiation gives

MX(ξ) = MZ(ξ)(1 + ξiη
i + ξiξjη

ij/2! + ξiξjξkη
ijk/3! + · · · )

Invert MX(ξ) := E[exp(ξixi)] term-by-term to recover fX
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Edgeworth series

Taking a Taylor expansion at Y = 0 and averaging,

EY

[
fZ(x)− yi

∂fZ
∂yi +

yiyj
2!

∂2fZ
∂yi∂yj −

yiyjyk
3!

∂3fZ
∂yi∂yj∂yk + · · ·

]
Letting fi1···in(x) := (−1)n∂nfZ(x)/∂xi1 · · · ∂xin ,

fX(x) = fZ(x) + ηifi(x) + ηijfij(x)/2! + ηijkfijk(x)/3! + · · ·

Letting hi1···in(x) := fi1···in(x)/fZ(x),

fX(x) = fZ(x)(1 + ηihi(x) + ηijhij(x)/2! + ηijkhijk(x)/3! + · · · )

For Z ∼ N (0, 1), h’s are the Hermite polynomials
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Cholesky factor

Consider multivariate Gaussian with covariance matrix(
Θ1,1 Θ1,2
Θ2,1 Θ2,2

)
and Cholesky factor

(
L1,1 0
L2,1 L2,2

)

We have for z1 := L−1
1,1x1,

L2,1z1 + L2,2z2 ∼ N (L2,1z1,L2,2L⊤
2,2)

L2,1z1 + L2,2z2 ∼ N (Θ2,1Θ
−1
1,1x1,Θ2,2 −Θ2,1Θ

−1
1,1Θ1,2)

L2,1 = Θ2,1L−⊤
1,1

L2,2 = chol(Θ2,2 − L2,1L⊤
2,1)

Allowing for iterative computation of L
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