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The problem: sampling by transport
Data X has density fX (accessible only through samples), reference dis-
tribution Z has density fZ (e.g. N (0, Idd)). Assuming fZ and fX smooth,
infinitely many valid T pushing z ∼ Z to T (z) ∼ X .
(VAE, GAN, normalizing flow, score-based/diffusion models.)

Knothe-Rosenblatt transport
Restrict to triangular maps in the sense that

T (x) =


T1(x1)
T2(x1, x2)

...
Td(x1, . . . , xd)


and control the sign of the diagonal by enforcing ∇T ≻ 0.
Resulting unique transport called the Knothe-Rosenblatt rearrangement.

Computational benefits
Immediately gives an efficient sampler z ∼ N (0, Id), T (z) ∼ X .
In addition, efficient density evaluation through the pushforward

fX = T♯fZ := (fZ ◦ T−1)|det∇T−1|
Compute T−1 by recursive substitution and 1-d root finding. Eigenvalues
of ∇T on the diagonal, so det∇T product of the diagonal.

Example: Gaussian transport by Cholesky
Find transport map pushing z ∼ N (0, Id) to x ∼ N (µ,Θ). Recall that
the cumulant generating function of a multivariate Gaussian is

KX(ξ) := logE[exp(ξixi)] = ξiµ
i +

1

2
ξiξjΘ

i,j

Suffices to match mean and covariance, affine ansatz T (z) = Lz + µ

E[T (z)] = µ, Cov[T (z)] = LL⊤

Pick L such that Θ = LL⊤ (e.g. Cholesky factor). Jacobian of T is L,
by construction is lower triangular with positive diagonal (∇T ≻ 0).

How to estimate the map from samples?
Previous work [1]–[3]: minimize empirical KL over parametric family.
This work: use cumulants. Motivations:
• Analogy to multivariate Gaussians (mean, covariance).
• Central limit theorem, decay of higher order cumulants.
• Interpretability and material science (2nd order interactions).

Material microstructure
2-point statistics insufficient to capture microstructure (e.g. edges)

Figure: Fig. 1. of [4]. (a): material microstructure, (b-c): cross-correlations

Moments
The i-th moment captures interactions (product) of i variables

κi := E[X i], κij := E[X iXj], κijk := E[X iXjXk], . . .

Can be estimated directly from samples with empirical expectation. Mo-
ment generating function collects moments into multivariate Taylor series
MX(ξ) := E[exp(ξiX i)] = 1 + ξiκ

i + ξiξjκ
ij/2! + ξiξjξkκ

ijk/3! + · · · .

Cumulants
Cumulant generating function implicitly defines cumulants by

KX(ξ) := logMX(ξ) = ξiκ
i + ξiξjκ

i,j/2! + ξiξjξkκ
i,j,k/3! + · · ·

Match MX(ξ) = exp(KX(ξ)) = 1 +KX(ξ) +KX(ξ)
2/2! + · · ·

κi = κi, κi,j = κij − κiκj,

κi,j,k = κijk − κiκjk − κjκik − κkκij + 2κiκjκk, . . .

Cumulant of sum of independent variables sum of cumulants. Indepen-
dent random variables have zero joint cumulants.

Edgeworth series
Derivation follows [5]. Let X have cumulants κ and Z have cumulants
λ. Ansatz X = Z +Y with pseudo-variable Y independent of Z. Y has
“cumulants” ηi, ηi,j, . . . with “moments” ηi, ηij, . . .

ηi = κi − λi, ηi,j = κi,j − λi,j, ηi,j,k = κi,j,k − λi,j,k, . . .

By term-by-term inversion of MGF, density approximation

hi1···in(x) :=
(−1)n

fZ(x)

∂nfZ(x)

∂xi1 · · · ∂xin
fX(x) = fZ(x)(1 + ηihi(x) + ηijhij(x)/2! + ηijkhijk(x)/3! + · · · )

For Z ∼ N (0, 1), h’s are the Hermite polynomials. Integrate term-by-
term to get approximation of (1-d) CDF

FX(x) = FZ(x) + fZ(x)(η
i + ηijhi(x)/2! + ηijkhij(x)/3! + · · · )

Warmup: quantile matching
If X is 1-d, F−1

X is a transport from U ∼ Unif(0, 1) to X . Thus z =
[F−1

Z ◦ FX](x) or FZ(z) = FX(x) is a transport from x ∼ X to z ∼ Z.

Cornish-Fisher
Cornish-Fisher [6] equates Taylor series of Gaussian CDF FZ = Φ, fZ = ϕ
to Edgeworth series for CDF resulting in the polynomial equality

(x− z) + · · · + 1

k!
hk−1(x)(x− z)k = η1 + · · · + 1

k!
ηkhk−1(x)

Let y := x− z, treat f (y) := y + · · ·+ hk−1(x)y
k/k! as a polynomial in

y and define p(x) := η1+ · · ·+ηkhk−1(x)/k! as a polynomial in x. Apply
formal inversion: every polynomial of the form f (x) = a1x + · · · + akx

k

with a1 ̸= 0 has inverse polynomial g(x) = b0 + · · · + bkx
k with

f ◦ g = g ◦ f = x +O(xk+1).

Applying g to the Edgeworth CDF completes the procedure.
f (x− z) = p(x) z = x− g(p(x))

Generalization to multivariate distributions
Multivariate Cornish-Fisher by Knothe-Rosenblatt. For i in 1, . . . , d

1. Partition into first i− 1 variables and i-th variable
2. i-th output of transport: conditional distribution
3. Reduce to 1-d Cornish-Fisher

Variety of conditioning strategies
• derivatives of cdf (cf. sampling from copula)
• logpdf and subtraction
• conditional cumulants

1-d approximation
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Figure: 1-d Edgeworth series applied to a Gumbel distribution with µ = 10, β = 0.5.

Multivariate approximation
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Figure: Multivariate Edgeworth series applied to z1, z2 ∼ N(0, 1), z = (z1, z
2
1 + z2).
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