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The problem

Computations with large psd matrix Θ given entries Θi,j

Ubiquitous in computational mathematics
• Kernel trick in machine learning
• Statistical inference in Gaussian processes on y ∼ N (0,Θ)
• Second-order optimization, Newton’s method

Direct computation scales as O(N3), limiting data size (104)

Seek sparse Cholesky factor for dense covariance matrix
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Statistical Cholesky factorization

Cholesky factorization ⇔ iterative conditioning of process

E[y2 | y1] = µ2 +Θ2,1Θ
−1
1,1(yTr − µTr)

Cov[y2 | y1] = Θ2,2 −Θ2,1Θ
−1
1,1Θ1,2

chol(Θ) =

(
Id 0

Θ2,1Θ
−1
1,1 Id

)(
chol(Θ1,1) 0

0 chol(Θ2,2 −Θ2,1Θ
−1
1,1Θ1,2)

)

Conditional (near)-independence ⇔ (approximate) sparsity
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Screening effect

Conditional on points near a point of interest,
far away points are almost independent [Stein 2002]

Suggests space-covering ordering [Guinness 2018] and
selecting nearby points for the sparsity pattern
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Kullback-Leibler minimization

Compute entries by minimizing Kullback-Leibler divergence

L := argmin
L̂∈S

DKL

(
N (0,Θ)

∥∥∥ N (0, (L̂L̂⊤)−1)
)

Efficient and embarrassingly parallel closed-form solution

Lsi,i =
Θ−1

si,sie1√
e⊤

1 Θ
−1
si,sie1

Achieves state of the art ε-accuracy in time complexity
O
(
N log2d (N

ε

))
with O

(
N logd (N

ε

))
nonzero entries

[Schäfer, Katzfuss, and Owhadi 2021]
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KL-minimization, revisited
Plug optimal L back into the KL divergence

DKL

(
Θ

∥∥∥ (LL⊤)−1
)
=

N∑
i=1

[
log

(
Θi,i|si\{i}

)
− log

(
Θi,i|i+1:

)]

KL is accumulated error over independent regression problems

Goal: minimize posterior variance of i-th prediction point by
selecting training points si most informative to that point

Variance ⇔ mutual information ⇔ mean squared error

H[yPr] = H[yPr | yTr] + I[yPr;yTr]

Var[yPr] = E[Var[yPr | yTr]] + Var[E[yPr | yTr]]
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Part 2: Towards general preconditioners
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Sparse versus low rank

Sparsity doesn’t scale to high dimension

RPCholesky [Chen et al. 2023] for Nyström approximation

“All high dimensional data is low rank”

Best-of-both-worlds approximation?

Automated orderings and sparsity pattern



Faster algorithms for optimal transport
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Figure: Newton’s method versus Sinkhorn method.
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Transport maps

Random variable X with density π (possibly only samples)

Let Z be a reference random variable with density η

Pick Z easy to work with, e.g. N (0, Id)

Find map T such that given samples zi ∼ Z,
the transformed samples satisfy T(zi) ∼ X

VAE, GAN, normalizing flow, score-based/diffusion models
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Knothe-Rosenblatt transport

Restrict to triangular maps in the sense that

T(x) =


T1(x1)
T2(x1, x2)

...
Td(x1, . . . , xd)


and control the sign of the diagonal by enforcing ∇T ≻ 0

Unique map T called the Knothe-Rosenblatt rearrangement

Cholesky factor L pushes z ∼ N (0, Id) to Lz + µ ∼ N (µ,Θ)
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Computational benefits

Encodes conditioning by construction [Marzouk et al. 2016]

Fast eigenvalues, determinant, inverse

Inherits sparsity from conditional independence

[Spantini, Bigoni, and Marzouk 2018]
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A preview

cdf−1
X is a transport from U ∼ Unif(0, 1) to 1-d X

Natural generalization to n-d with conditional maps

(cf. sampling from copula)

Möbius inversion, Cornish-Fisher expansion, Edgeworth series
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